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Abstract
We discuss a link between the topological recursion relations derived alge-
braically by Witten and the holomorphic anomaly equation of Bershadsky, Cecotti,
Ooguri and Vafa. This is obtained through the definition of an operatorWs that re-
produces the recursion relations for topological string theory coupled to worldsheet
gravity a la BCOV. This operator is contained inside an algebra that generalizes the
tt* equations and whose direct consequence is the holomorphic anomaly equation
itself.
Introduction
In [8], [9] Witten defined a class of two dimensional topological theories of gravity coupled
with matter, whose distinctive feature is that the correlation functions are equal to an
integral over the moduli space with the volume form expressed as the wedge product
of certain differential forms associated to the each of the operators. In particular the
explicit physical realization of this is that every operator contains an integer power of a
scalar field φ, the last component of the gravitational multiplet, whose value defines the
so called gravitational degree; in the moduli space integral this corresponds to the power
of the two dimensional differential form α associated to the scalar φ. Carefully evaluating
the zeros of a section representing one of the α’s, and if these have support only on the
boundary of the moduli space of the Riemann surface, allows us to express a correlation
function in terms of correlation functions containing a lower total gravitational degree and
with genus lower or equal to the original one. The result are called topological recursion
relations.
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Indeed it is known that the holomorphic limit of the A model correlation functions
basically obeys the Witten’s abstract definition of topological gravity coupled to a two di-
mensional sigma model, [1]. Moreover it computes Gromov-Witten invariants, and these
satisfy topological recursion relations. However A and B topological string models are
physically a different story from the theories considered by Witten: the target space is
fixed to be a Calabi Yau threefold, in which case the gravitational multiplet scalar φ sim-
ply decouples ( with the only exception of the dilaton ). The coupling to two dimensional
gravity comes instead from the analogy with the bosonic string theory construction of
the gauge fixed path integral, and correlation functions are defined to contain a copy of
the left and right moving twisted spin two supercurrents G−, G¯− for each of the moduli
of the Riemann surface Σg,n
1.
This way of defining topological string amplitudes led the authors of [2] to the deriva-
tion of a different set of recursion relations expressing the antiholomorphic target space
moduli derivative of correlation functions in terms of covariant holomorphic derivatives
of amplitudes with either a lower genus or a lower number of operator insertions, or both.
These relations are known as the holomorphic anomaly equation ( H.A.E. for short ).
It is thus a natural question if it exists or not a formalism able to provide a direct
connection between the topological recursion relations and the H.A.E. To my knowledge a
similar issue was investigated so far only in [6], where the tt* equations were derived from
consistency conditions over an enlarged set of operator contact term algebra containing
also the antiholomorphic sector, and the H.A.E. was obtained from the recursion relations
written by Verlinde and Verlinde in [7] . Their assumptions, development and results are
however quite different from the present discussion.
The strategy of the work will be simple. We want to formally apply the Witten’s
recursion relations machinery to topological string theory correlation functions by roughly
looking at G−, G¯− as a substitute of the field φ. In fact we will see that these objects
are, for certain properties, the analogue of what φ is for the gravitational descendants.
This will lead to the definition of an operator Ws acting on correlation functions and
producing what would have been the right hand side of the topological recursion relations
if φ had been replaced by G−, G¯−. The result will be that, imposing a certain commutator
between Ws and the flat antiholomorphic derivative ∇¯i¯ ( from the tt* equations of [3] ),
is equivalent to the H.A.E. In fact the full algebra we will consider is a generalization of
the tt* equations and reads:
[Ws, ∇¯i¯] = ∇¯i¯
[Ws,∇i] = 0
1genus g and n operator insertions
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[∇i, ∇¯j¯] = [∇i,∇j] = [∇¯i¯, ∇¯j¯] = 0
The first section reviews some background and establishes the notation we will use.
The second and third derive the result for genus zero and one. The fourth further analyses
the algebra between Ws and the flat derivatives and finally the last section considers the
generalization at higher genus. Then we present some conclusions.
1 General background
In [8], [9] two powerful relations were derived involving genus zero and one correlation
functions for a wide class of 2 dimensional topological gravitational theories coupled to
matter. These theories are defined by the requirement that the correlation functions
in some point in the moduli space are expressed as an integral of a volume form given
by the wedge product of certain two dimensional cohomological forms associated to the
operators. These operators are generically represented as Od,α and called the degree d
gravitational descendants of the matter operators Oα = O0,α belonging to the sigma
model topological field theories described in [10].
〈Od1,α1 . . .Odn,αn〉g =
∫
Mg,n
αd1(1) ∧ · · · ∧ αdn(n)
∫
Lg
β(1) ∧ · · · ∧ β(n) (1)
Here Mg,n refers to the moduli space of the Riemann surface Σg,n, and Lg to the
instanton moduli space of maps X : Σ → M , M being the target space. Moreover
αdi(i) = α(i) ∧ · · · ∧ α(i) 2 with α(i) the first Chern class of T ∗Σg,n|σi , the cotangent space
to Σg,n at the position σi of Odi,αi ; finally being Mi the submanifold of M Poincare dual
to ( the differential form associated to ) the operator Oαi , then β(i) is defined to be the
Poincare dual to the submanifold of Lg determined by the condition X(σi) ∈Mi.
From the above definition and the complex dimension of Mg,n the selection rule
n∑
i=1
(di − 1) = 3g − 3 (2)
is derived.
In this setup Witten obtained the following expressions for genus zero and one ampli-
tudes, in the form of recursion relations:
〈Od1,α1 . . .Odn,αn〉0 = (3)
=
∑
X∪Y={2,...,n−2}
〈Od1−1,α1
∏
r∈X
Odr,αrOα〉0ηαβ〈Oβ
∏
t∈Y
Odt,αtOdn−1,αn−1Odn,αn〉0
2we here slightly change the definition from the Witten’s one discarding the di! factor appearing in
[8], [9].
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and
〈Od1,α1 . . .Odn,αn〉1 = (4)
1
12
〈Od1−1,α1 . . .Odn,αnOαOβ〉0ηαβ +
∑
X∪Y={2,...,n}
〈Od1−1,α1
∏
r∈X
Odr,αrOα〉0ηαβ〈Oβ
∏
t∈Y
Odt,αt〉1
Here ηαβ is a metric on the space of operators whose definition given in [8] and [9]
coincides with the one of [3], that we will soon review.
If we write the gravitational multiplet of the two dimensional theory as (wµ, ψµ, φ),
the associated ghost number is respectively (0, 1, 2) and the transformation rules under
the BRST-like topological charge Q are:
δwσ = iψσ
δψσ = −∂σφ (5)
δφ = 0
Then the explicit field realization used by Witten for Od,α, given Oα, is:
Od,α = Oαφd (6)
From the above equations the topological charge has positive ghost number +1 and
Od,α has ghost number 2d; the solutions O(1)d,α and O(2)d,α to the descent equation 3
0 = [Q,Od,α]
dOd,α = [Q,O(1)d,α] (7)
dO(1)d,α = [Q,O(2)d,α]
dO(2)d,α = 0
instead have decreasing ghost number 2d − 1 and 2d − 2 and explicit form ( for
Oα = O0 = 1 )
Od,0 = φd O(1)d,0 = d ψ φd−1 O(2)d,0 = d dw φd−1 + 1/2 d(d− 1) ψ ∧ ψ φd−2
The starting point of the present paper is to formally translate the recursion relations
derived in the above formalism to amplitudes in topological string theory of ”BCOV”
type defined as in [2] . The naive justification for this is that, even if basically different in
3the d appearing in dOd,α below and in dw in the next equation is the de Rham two dimensional
differential, not the integer
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construction, BCOV type amplitudes substantially satisfy, in the holomorphic limit, all
the important requirement of coupling of two dimensional gravity to topological theories
of matter that were used by Witten in the derivation of the recursion relations ( look for
example at the discussion in [1] ). This is explicit for the A model computed Gromov-
Witten invariants for which recursion relations are well known.
We begin with genus zero and n marginal operator insertions. The Riemann sur-
face moduli space integral is saturated by
∮
Cσ
G−
∮
C′σ
G¯− around the position of certain
operators, with G−, G¯− conventionally chosen to be the left and right moving spin two
supercurrents associated to the spin one antitopological charge 4. Using a notation anal-
ogous to the case with gravitational descendants we define
〈O1,α1 . . .O1,αn−3Oαn−2Oαn−1Oαn〉0 ≡ Cα1...αn = (8)
= 〈
∫
Σ
O(2)α1 . . .
∫
Σ
O(2)αn−3Oαn−2(σn−2)Oαn−1(σn−1)Oαn(σn)〉0
O(2)α (σ) =
∮
Cσ
G−
∮
C′σ
G¯− Oα(σ) (9)
It is important to state that we are not implying that these correlation function are
the same as the ones containing operators Oα1φ . . .Oαn−3φ Oαn−2Oαn−1Oαn . The above
notation is simply a convenient choice for the future definition of the operator Ws that
will act treating G−, G¯− analogously to φ. In any case from now on we will never use the
gravitational multiplet again and we will only deal with BCOV type correlation functions.
Also note that on the left hand side of (8) we are incorporating the integrals inside the
definition of 〈. . . 〉0, while on the right they are explicit.
O(2)α is also the solution for the last step of the descent equation
0 = [Q,Oα]
dOα = [Q,O(1)α ] (10)
dO(1)α = [Q,O(2)α ]
dO(2)α = 0
If Oα has equal left and right U(1) charge qlα = qrα = qα, then O(2)α has left - right
charge qα − 1.
Amplitudes at genus g ≥ 2 are defined saturating the remaining part of the Rie-
mann surface moduli space integral by the measure
∏3g−3
b=1 (G
−, µb)(G¯−, µ¯b¯), with µb, µ¯b¯
the Beltrami differentials:
4the discussion is general and does not depend on the specific choice for the topological twist.
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Cgi1...in =
∫
Mg
3g−3∏
a=1
dma ∧ dm¯a¯ 〈
3g−3∏
b=1
(G−, µb)(G¯−, µ¯b¯)
∫
Σg
O(2)α1 . . .
∫
Σg
O(2)αn 〉g (11)
The definition at genus 1 is slightly different and we will deal with it in section 3.
Being d the total number of G−, G¯− insertions ( both around the operators and in
the path integral measure ) the selection rule for the left ( and right ) U(1) R-symmetry
charges qαi for the operator insertions dictated by the U(1) anomaly on a Calabi Yau
manifold is
− d+
n∑
i=1
qαi = 3− 3g (12)
This makes an obvious parallel between (2) and the above formula; when the operators
are marginal ( qαi = 1 ) and di = 0, 1 in (2), the total gravitational degree d equals the
number of degree one gravitational descendant operators and matches the above total
number of G−, G¯− insertions, again d. Moreover when the genus is either zero or one
all the G−, G¯− insertions come from the operators, as is the case with gravitational
descendants. And it is also true that both φ and G−, G¯− serve as an integral over Mg,n.
The analogy between the two cases in fact cannot be pushed further, their ghost
number and behaviour under the action of Q being opposite. But this will not affect our
purposes.
It is still possible for BCOV type amplitudes on Calabi Yau to contain gravitational
descendants like (6) but being their total ghost number qα + d and having the selection
rule (12), they can appear on genus g amplitudes only when d = 1 and Oα = O0 = 1 (
qα = 0 ), the so called dilaton operator ( the case g = 0 allows a little more ). We will
not consider them in the future.
Remark: the main difference between topological amplitudes of Witten and BCOV
type is that in the first case the gravitational multiplet is distinct from the matter multi-
plets, while in the second case the supercurrents G−, G¯− are constructed with the same
fields entering the matter operators. Consequently the requirement for forming a volume
form for the moduli space integral out of gravitational multiplet fields (2) and any even-
tual U(1) charge anomaly for the matter fields, merge in the BCOV case into the unique
condition (12).
From now on we differentiate the notation for the indexes of the operators depending
on the U(1) charge associated. We will indicate a generic matter operator with greek
indexes α, β, γ . . . , q = 1 ( marginal ) operators with mid alphabet latin indexes i, j, k, . . . ,
q = 2 operators with beginning of the alphabet latin letters a, b, c, . . . and the single q = 3
and q = 0 operators respectively with x and 0.
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Amplitudes involving marginal operators can be obtained by appropriate derivatives
〈O1,i1 . . .O1,in〉g(≥1) = Cg(≥1)i1...in = Di1 . . . Din〈1〉g(≥1) (13)
〈O1,i1 . . .O1,in−3Oin−2Oin−1Oin〉0 = Ci1...in = Di1 . . . Din−3〈Oin−2Oin−1Oin〉0 (14)
〈Oin−2Oin−1Oin〉0 = Cin−2in−1in = ∂in−2∂in−1∂inF (15)
with F called the prepotential.
Two metrics can be introduced on the moduli space, both covariantly constant under
the action of Di = ∂i − Ai and D¯i¯ = ∂¯i¯ − Ai¯:
ηαβ, Diηαβ = D¯i¯ηαβ = 0 (16)
gαβ¯, Digαβ¯ = D¯i¯gαβ¯ = 0 (17)
The last equation in particular fixes the connections to be
A lik = g
ij¯∂kgj¯l A
l¯
i¯k¯ = g
i¯j ∂¯k¯gjl¯ (18)
and the mixed indexes components vanishing. Under complex conjugation g goes to
itself, (gαβ¯)
∗ = gα¯β, while η transforms into the corresponding metric for the antitoplogical
moduli space, (ηαβ)
∗ = η¯α¯β¯.
We introduce the tt* equations of [3]. These are equivalent to the existence of a flat
connection given by the sum of the usual metric connection with the chiral ring matrix
Ci ( the three point function with one index raised ) and its complex conjugate C¯i¯:
∇i ≡ Di − k−1Ci ∇¯i¯ ≡ D¯i¯ − kC¯i¯ (19)
[∇i, ∇¯j¯] = [∇¯i¯, ∇¯j¯] = [∇i,∇j] = 0
with k a generic coefficient which will be fixed from now on to the value 1
2
5.
Moreover there exist a matrix Mβα¯ defined as
Mβα¯ = gα¯γη
γβ (20)
which is by construction invariant under parallel transport by Di and D¯i¯, and also by
the flat derivatives ∇i and ∇¯i¯ because
Mρα¯C
β
iρ = C
β
iα¯ = C
ρ¯
iα¯M
β
ρ¯
5the reason behind this choice will become clear soon
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and similarly for the action of C¯i¯. It can be normalized as
MM¯ = 1 (21)
The worldsheet construction of ηαβ is simply the sphere with two fixed operator in-
sertions Oα and Oβ with qα + qβ = 3. In fact due to the irrelevance of the positions and
the trivial OPE of the identity with any other operator, η can be seen as the three point
sphere amplitude C with one operator being the identity6:
〈OαOβO0〉0 = Cαβ0 = ηαγCγ0β = ηαγδγβ = ηαβ = 〈OαOβ〉0
The metric gαβ¯ is instead more complicated and it can be represented as two hemi-
spheres, one topologically and the other antitopologically twisted, joined by an infinitely
long tube interpolating between the two topological CFTs. On each hemisphere there
is one operator insertion, Oα and Oβ¯ respectively, with the charge condition being
qα + qβ¯ = 0, (qβ¯ = −qβ).
2 genus 0
We begin by consider a BCOV type amplitude as in (8)
〈O1,i1 . . .O1,in−3Oin−2Oin−1Oin〉0
with the last three positions fixed. For convenience we will use Oin−1 and Oin to
play the role of Odn−1,in−1 and Odn,in inside (3), while the operator corresponding to
Od1,i1 will be O1,i1 . While applying (3) we keep fixed or integrated the positions of the
operators as they were originally in the above amplitude. The only exception is O1,i1
that, after the transformation O1,i1 → Oi1 , will pass from being integrated to being kept
fixed, as one would expect after having performed the moduli space integration over its
cohomology class that has led to the recursion relation itself. We then define the action
of the operator W on these genus zero amplitudes, that later on will be transformed into
Ws , its ”symmetrized” version. The goal is to formally reproduce the right hand side
of the recursion relation (3) when acting on BCOV type amplitudes, where the scalar φ
will be replaced by the two supercurrents G−, G¯−. So in particular when moving from
left to right in the expression below the transformation O1,i1 → Oi1 will mean that
O1,i1 =
∮
Cσ
G−
∮
C′σ
G¯− Oi1(σ)→ Oi1 , instead of the original O1,i1 = φOi1 → Oi1 .
6the description as a sphere three point amplitude is more natural from an algebraic point of view as
the resulting moduli space is 0 dimensional. However using the OPE rules it is possible to ”absorb” the
identity in one of the other operators; obviously the path integral description changes and it is necessary
to divide by the CKV groups left free from having only two operator positions fixed
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W〈O1,i1 . . .O1,in−3Oin−2Oin−1Oin〉0 = (22)
=
∑
X∪Y={2,...,n−3}
〈Oi1Oin−2
∏
r∈X
O1,irOα〉0ηαβ〈Oβ
∏
t∈Y
O1,itOin−1Oin〉0+
+〈Oi1
∏
r∈X
O1,irOα〉0ηαβ〈O
∫
β
∏
t∈Y
O1,itOin−2Oin−1Oin〉0
+〈Oi1
∏
r∈X−{s}
O1,irOisOα〉0 ηαβ〈O1,β
∏
t∈Y
O1,itOin−2Oin−1Oin〉0
We want to explain the various terms. The first two lines are the direct translation of
the right hand side of (3) with the fixed position operator Oin−2 first on one side and then
on the other, as we kept it outside the sets X and Y for later convenience. The operators
Oα and Oβ have their positions naturally fixed if the number of operators whose position
is fixed in the same amplitude is less or equal to two. Otherwise they are integrated, and
in this case the notation becomes O
∫
....
The second line in fact immediately simplifies because
〈Oi1
∏
r∈X
O1,irOα〉0 = 〈Oi1
∏
r∈X
O1,irOa〉0 =
∏
r∈X
Dir〈Oi1Oa〉0 =
∏
r∈X
Dirηi1a = δcard(X),0
(23)
where we have used first the U(1) charge condition (12) fixing qα = 2 = qa, and then
the fact that η is covariantly constant. Thus contributions come only when X = {0} and
Y the whole set {2, . . . , n− 3}.
The last term is due to a subtle but important point we have to consider when we
apply the machine leading to (3) to amplitudes of BCOV type. In particular the passage
from the left to the right hand side of (3) is achieved through the appearance of a node as
we degenerate the genus zero correlation function into two spheres sharing a single point.
When we represent operators with gravitational degree one as (9), it is possible for the
node to arise in between the position of one of the operators and the two circle integrals
of the supercurrents G−, G¯−; more specifically if we think of the node as appearing after
the shrinking to a point of a nontrivial cycle on the Riemann surface, this cycle can be
taken as well in an intermediate worldsheet time between the one of the operator and its
two accompanying supercurrents. Furthermore it is possible to include inside the region
bounded by the shrinking cycle other operators as well, as long as they are closed under
the action of G−, G¯−. This construction is represented in figure (1).
The net result is that the two supercurrents G−, G¯− originally encircling around one
operator, for example Ois , after the recursion relation has been applied will surround the
position of the node on the opposite sphere. Thus the gravitational coupling shifts from
9
∈ Y
∈ X − {s}
Oin−2
Oin−1
Oin
Ois
Oi1
Ois
Oi1
Ois
Oi1
Ois
Oi1
Oα
Oβ
ηαβ
Figure 1: The correlation function on the sphere 〈O1,i1 . . .O1,in−3Oin−2Oin−1Oin〉0 is con-
sidered. After the first arrow we deform the contour of the two supercurrents G−, G¯−
of O1,is to surround also the operators O1,i1
∏
r∈X−{s}O1,ir . One possible cycle which is
going to shrink to a node is depicted in red. After the second arrow we start forming the
node shrinking the red cycle, and consequently O1,i1 → Oi1 . In this phase the position
of the operator Ois is fixed with respect to the position of the shrinking cycle, while the
latter is integrated. When the node is replaced by OαηαβOβ the two supercurrents will
encircle the operator Oβ and we have the situation following the third arrow.
O1,is to the operator O
∫
β replacing the node on that side, and transforming it to O1,β.
Note that the integrated position of the operator O1,is on the original amplitude becomes
fixed on the factorized sphere, because the integration passes from the position of O1,is
to the position of the node as should be clear from the picture.
Having defined the action ofW let us step aside for a moment and discuss a point we
have so far avoided. It is well known that BCOV type amplitudes possess a nontrivial
dependence on antiholomorphic moduli, while it is their holomorphic limit that resembles
the Witten’s definition for two dimensional topological gravity + matter theories leading
to the recursion relations. Thus we need to supplement equation (22) with the correct
antiholomorphic moduli dependence. In fact this is a necessity as the right hand side of
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(22) identically vanishes if we apply the U(1) charge condition (12). For this reason let
us consider the following algebra:
[Ws, ∇¯i¯] = ∇¯i¯ (24)
[Ws,∇i] = 0 (25)
[∇i, ∇¯j¯] = [∇i,∇j] = [∇¯i¯, ∇¯j¯] = 0 (26)
The main point of the paper will be to show that the first commutator is equivalent
to the H.A.E. . The second commutator will be discussed later on and we have already
met the last.
So we want to evaluate (24) when acting on genus zero amplitudes with n marginal
operator insertions. The right hand side is easy. We recall the definition ∇¯i¯ ≡ ∂¯i¯−Ai¯− 12C¯i¯
and, because the correlation function contains only holomorphic indexes, Ai¯ vanishes, as
it would be a mixed component. Moreover C¯i¯ acting on low indexes transforms charge
q into charge q − 1 operators, thus killing any amplitude previously satisfying the U(1)
charge selection rule. Thus what survives is only the antiholomorphic simple derivative
∇¯i¯Ci1...in = ∂¯i¯Ci1...in .
The left hand side is more tricky: −∇¯i¯ (WsCi1...in) is well defined, as it is simply the
action of ∇¯i¯ on the right hand side of (22); instead we should explain what we mean for
Ws
(∇¯i¯Ci1...in). We have defined the action ofW on amplitudes with topological marginal
operators, now we associate to ∇¯i¯ an operator insertion O∇¯i¯ and we extend the definition
in the natural way.
O∇¯i¯ is a short distance refinement of the operator associated to D¯i¯ , which is the
integral of
∮
Cσ
G+
∮
C′σ
G¯+O¯i¯(σ) . The difference between ∇¯i¯ and D¯i¯ is the action of −12C¯i¯
on the indexes of the operators inside the amplitude, that is −1
2
the coefficient of the
OPE of the operators with O¯i¯ 7. In particular if the index belongs to an operator O1,α
the OPE should be taken under the action of the two spin two supercurrents G− and G¯−
that is 8
−1
2
C¯i¯〈. . .O1,α . . . 〉 =
1
2
C¯β
i¯α
〈. . .
∫
Σ
∮
Cσ
G−
∮
C′σ
G¯−Oβ(σ) . . . 〉+· · · = 1
2
C¯β
i¯α
〈. . .O1,β . . . 〉+. . .
with qβ = qα − 1. Thus O∇¯i¯ is defined as the sum of the operator insertion corre-
sponding to D¯i¯ plus the insertion of
1
2
O¯i¯ inside an infinitesimal neighborhood ∆u around
7there is also a nontrivial action on the vacuum bundle L2−2g−n to which the amplitude belongs, but
for antiholomorphic derivatives and topological amplitudes it vanishes.
8 note the minus sign when C¯i¯ acts on low indexes in accordance with the usual convention for a
connection
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the position of each preexisting operator, reproducing the OPEs of −1
2
C¯i¯. Moreover we
include the short distance regularization prescription for
∮
Cσ
G+
∮
C′σ
G¯+O¯i¯(σ) when ap-
proaching other operators, see [2], that can be translated as excluding from its region of
integration a small neighborhood around each operator:
O∇¯i¯ ≡
∫
Σ−{∆u}
∮
Cσ
G+
∮
C′σ
G¯+O¯i¯(σ) +
1
2
n∑
u=1
∫
∆u
O¯i¯ 9 (27)
The action of W on the amplitude containing O∇¯i¯ is the natural generalization of
(22), with O∇¯i¯ treated similarly to the other operators but conveniently kept outside the
sets X and Y and thus appearing first on one side and then on the other.
W〈O1,i1 . . .O1,in−3Oin−2Oin−1OinO∇¯i¯〉0 = (28)
=
∑
X∪Y={2,...,n−3}
〈Oi1Oin−2
∏
r∈X
O1,irO∇¯i¯Oα〉0ηαβ〈Oβ
∏
t∈Y
O1,itOin−1Oin〉0+
+〈Oi1Oin−2
∏
r∈X
O1,irOα〉0ηαβ〈Oβ
∏
t∈Y
O1,itOin−1OinO∇¯i¯〉0+
+〈Oi1
∏
r∈X−{s}
O1,irOisO¯∇¯i¯Oα〉0 ηαβ〈O1,β
∏
t∈Y
O1,itOin−2Oin−1Oin〉0
+〈Oi1
∏
r∈X−{s}
O1,irOisOα〉0 ηαβ〈O1,β
∏
t∈Y
O1,itOin−2Oin−1OinO∇¯i¯〉0
+〈Oi1O¯∇¯i¯Oα〉0ηαβ〈O
∫
βO1,i2 . . .O1,in−3Oin−2Oin−1Oin〉0
+〈Oi1Oα〉0ηαβ〈O
∫
βO1,i2 . . .O1,in−3Oin−2Oin−1OinO∇¯i¯〉0
Written in this way the definition is apparently inconsistent because of the third
term on the right hand side. This has been generated through the mechanism discussed
previously, when the Riemann surface node makes its appearance between one operator
Ois and its two accompanying supercurrents. However the requirement was that, after
the Riemann surface degeneration has been applied, all the operators present on the same
sphere containing Ois have to be closed under the action of G−, G¯−. And this fails for∮
Cσ
G+
∮
C′σ
G¯+O¯i¯(σ) in the definition (27) of O∇¯i¯ . This object should also disappear from
the fifth term as a consequence of D¯i¯η = 0. However there is a more fundamental overall
reason why the first term in (27) cannot appear anywhere in the above expression, and it
is again the U(1) charge selection rule. For example the first term requires qα+2+q∇¯i¯ = 3
for the first sphere, qα + qβ = 3 for the metric and qβ + 2 = 3 for the second sphere,
with q∇¯i¯ either zero or −1 depending on which term inside O∇¯i¯ you are considering.
9this definition for O∇¯i¯ is clearly dependent on the choice of ∆u. However we will use it only as an
intermediate step before going back to the matrix C¯i¯, thus ∆u will drop out in the final result.
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Obviously the three conditions are satisfied together only when q∇¯i¯ = −1; this can be
straightforwardly derived for every term. Thus the result is that the only non vanishing
contributions select the 1
2
O¯i¯ piece from O∇¯i¯ .
It is here crucial the interpretation of the action of ∇¯i¯ as the operator insertion of O∇¯i¯ .
OnceW has been applied the insertion of Oα or Oβ are defined to be consistent with the
definition (27), and this in particular means that the OPE with 1
2
O¯i¯ ( represented by the
second term in (27) ) includes also the action on Oα or Oβ, together with every other
operator in the amplitude.
Understood this point we can finally go back from the O∇¯i¯ - operatorial description
to the to ∇¯i¯ - covariant derivative formalism, and this translates into the selection of the
−1
2
C¯i¯ term inside ∇¯i¯ acting on every index inside the two factorized amplitudes, with D¯i¯
decoupling.
The evaluation of ∇¯i¯ (WCi1...in) is easier. This object consists of the insertion of the
integral of
∮
G+
∮
G¯+O¯i¯ inside all the amplitudes and the metric, plus the action of −12C¯i¯
on every low and high index. Again the U(1) charge condition selects only the latter.
The difference betweenW (∇¯i¯Ci1...in) and ∇¯i¯ (WCi1...in) then reduces to minus the action
of −1
2
C¯i¯ on the metric η
αβ. Taking care of the correct qα and qβ charges it gives
W (∇¯i¯Ci1...in)− ∇¯i¯ (WCi1...in) = (29)
=
∑
X∪Y={2,...,n−3}
〈Oi1Oin−2
∏
r∈X
O1,irOl〉0
1
2
(
C¯ li¯aη
am + ηlbC¯mi¯b
) 〈Om∏
t∈Y
O1,itOin−1Oin〉0+
+〈Oi1
∏
r∈X−{s}
O1,irOisOl〉0
1
2
(
C¯ li¯aη
am + ηlbC¯mi¯b
) 〈O1,m∏
t∈Y
O1,itOin−2Oin−1Oin〉0+
+〈Oi1Oa〉0
1
2
(
C¯ai¯xη
x0 + ηamC¯0i¯m
) 〈O∫0O1,i2 . . .O1,in−3Oin−2Oin−1Oin〉0
Obviously 1
2
C¯ li¯aη
am+ 1
2
ηlbC¯mi¯b = C¯
lm
i¯ . Moreover, remembering the worldsheet definition
of η, 〈Oi1Oa〉0 = ηi1a , and the normalization (21), MM¯ = 1, we have
ηi1aC¯
a
i¯xη
x0 = ηi1ag
aa¯C¯0i¯a¯ = ηi1ag
aa¯C¯i¯a¯0¯g
00¯ = ηi1ag
aa¯η¯a¯¯ig
00¯ = gi1 i¯g
00¯ ≡ Gi1 i¯
ηi1aη
amC¯0i¯m = C¯
0
i¯i1
= ηi1bC¯
b
i¯0¯g
00¯ = ηi1bg
bb¯C¯i¯b¯0¯g
00¯ = ηi1bg
bb¯η¯b¯¯ig
00¯ = gi1 i¯g
00¯ ≡ Gi1 i¯
Finally let consider the amplitude containing O
∫
0 =
∫
Σ
O0 ( in this case Σ = S2
). The operator O0 has been previously identified with the identity 1 but this is not
really valid globally on the Riemann surface. The correct prescription is O0 = eR/2pi with
R the Riemann surface curvature. The rationale behind this identification is that in a
topologically twisted theory of BCOV type the action is modified with the addition of a
term implementing the topological twist:
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12
∫
Σ
Rϕ
with ϕ the scalar bosonizing the U(1) R-symmetry current. Due to conformal invari-
ance R can be represented as a sum of 2g − 2 + n delta functions on a surface of genus
g with n operator insertions, each delta function carrying ±2pi units of curvature. Thus
the above integral reduces to an insertion of eϕ/2 at each of these 2g − 2 + n points.
On the other side it is known that there exists a contact term between the operator O0
and any other marginal operator O(2)i : this was computed in [2] to be −∂iK R2pi , K the
moduli space Kahler potential, and explained as arising from an hidden contact term
between these operator insertions O(2)i and 12
∫
Σ
Rϕ inside the action, that we have seen
corresponding 2g−2+n insertions of eϕ/2. Thus O0 is defined in such a way as to reduce
locally to the identity, but on the points where eϕ/2 is inserted in which case the short
distance divergent coefficient with O(2)i has to be O(2)i itself at that point, thus producing
the OPE with eϕ/2 as the final result. And this leads exactly to O0 = eR/2pi.
If the operator O0 is at fixed position we can choose the delta function supports to
be away and simply write O0 = 1. But if the operator is integrated the two dimensional
integral selects the two form component of O0 = eR/2pi and we have
∫
Σ
O0 =
∫
Σ
eR/2pi =∫
Σ
R/2pi = 2 − 2g − n. This is indeed reminiscent of the dilaton equation appearing
in [7], identifying the dilaton O0φ = 1 · φ with −O
∫
0 . Indeed we would expect that
φ translates to the circle integral of the two spin two supercurrents, as for the other
operators. However it is clear that such result is zero as the OPE of the identity with
G− and G¯− is trivial. The next possibility is the integral of the identity without the two
supercurrents, giving O
∫
0 . In our case this allows us to get rid of O
∫
0 substituting it with
the factor 2− (n− 1) = 3− n.
Collecting all the terms we arrive at the result
[W , ∇¯i¯]〈O1,i1 . . .O1,in−3Oin−2Oin−1Oin〉0 = (30)
=
∑
X∪Y={2,...,n−3}
〈Oi1Oin−2
∏
r∈X
O1,irOl〉0 C¯ lmi¯ 〈Om
∏
t∈Y
O1,itOin−1Oin〉0+
+
∑
{2,...,n−3}=X∪Y
〈Oi1
∏
r∈X−{s}
O1,irOisOl〉0 C¯ lmi¯ 〈O1,m
∏
t∈Y
O1,itOin−2Oin−1Oin〉0−
−(n− 3)Gi1 i¯〈O1,i2 . . .O1,in−3Oin−2Oin−1Oin〉0
This looks already similar to the right hand side of the H.A.E. at genus zero of [2] but
with an important difference in structure: here the operator O1,i1 and the couple Oin−1Oin
are singled out from the very beginning and do not enter the summation spreading the
remaining operators on the two degenerate spheres. Instead the corresponding H.A.E.
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treats all the operators in an equivalent way and neither O1,i1 nor Oin−1 and Oin are
fixed by construction to be on separate amplitudes. To cure this problem we need to
implement the ”symmetrization” of W into Ws.
The symmetrized recursion relations corresponding to the action of Ws is defined by
first summing over all the choices of the three selected operators indicated from now on
as O1,ip ( formerly O1,i1 ), and the couple Oiq1 ,Oiq2 ( before Oin−1Oin ), and after the
recursion relations have been applied dividing by the number of possible choices inside
the two factorized amplitudes. Moreover we always select the three operators at fixed
positions in the starting amplitude to contain the couple Oiq1 ,Oiq2 plus a third random
operator Oiq ( where the only requirement for q is to not coincide with any of the indexes
{q1, q2, p} ). Obviously O1,ip has gravitational degree 1, otherwise it would be impossible
to apply W as we have defined it. Two remarks are in order.
First: summing over all the choices involves n(n− 1)(n− 2)/2 summands to the sum
( as the distinction between Oiq1 ,Oiq2 is irrelevant ), but dividing after having applied
the recursion relations only reduces the number by 2x(n−x)(n−x−1)/2, where x is the
number of possible choices of ip inside the first factorised amplitude, when [# of elements
in X] = x − 2. The choices of the set {q1, q2} inside the other amplitude give instead
(n−x)(n−x−1)/2, and the additional factor of two is from the possibility of interchanging
the two amplitudes containing respectively the couple of operators Oiq1 ,Oiq2 and O1,ip
( and accordingly moving two supercurrents from one side to the other for fulfilling the
U(1) charge selection rules as depicted in figure (1) ). Thus this procedure really increases
the number of terms in the recursion relation.
Second: formally which three operators you pick up in computing the recursion rela-
tion is irrelevant; even if every choice produces results that look different, they are really
the same by construction. Thus, together with the rescaling by x(n− x)(n− x− 1), the
whole procedure amounts only to an overall different normalization factors in front of
the right hand side of (3). This will drastically change for genus higher than 2. However
keeping explicit different choices for the three operators in all the terms gives at the end
a result which is manifestly symmetric in all the operators inside the amplitude.
This definition for Ws thus leads to the expression:
[Ws, ∇¯i¯]Ci1...in = (31)
=
∑
p,{q1,q2}
∑
X∪Y
1
2
C¯ lmi¯ 〈OipOiq
∏
r∈X
O1,irOl〉0〈Om
∏
t∈Y
O1,itOiq1Oiq2 〉0
2
(x)(n− x)(n− x− 1)+
+
1
2
C¯ lmi¯ 〈Oip
∏
r∈X−{s}
O1,irOisOl〉0〈O1,m
∏
t∈Y
O1,itOiqOiq1Oiq2 〉0
2
(x− 1)(n− x+ 1)(n− x)+
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−(n− 3)Gp¯i〈O1,i1 . . . pˆ . . .O1,in〉0
2
(n− 1)(n− 2)
with X ∪Y = {1, . . . , n}−{p, q1, q2, q}. In the last term we can immediately simplify
the sum over the sets {q1, q2} with the factor 2/(n − 1)(n − 2). In the other two terms
instead we can abandon this heavy notation and enlarge the sets X and Y to X ∪ Y =
{1, n}, thus including the element {q} and the sums over p, {q1, q2} together with the
normalization factors that correctly mod out the overcounting of the number of equivalent
sets X and Y .
The final expression of the commutator (24) applied to Ci1...in is:
∂¯i¯Ci1...in = [Ws, ∇¯i¯]Ci1...in =
1
2
C¯ lmi¯
∑
X∪Y={1,n}
C∏
r∈X irmC
∏
s∈Y isl − (n− 3)
n∑
p=1
Gp¯iCi1...pˆ...in
(32)
which is the H.A.E. of [2] at genus zero.
3 genus 1
We move now to genus one. We begin by rescaling the amplitude as 〈. . . 〉New1 = 6〈. . . 〉Old1
( where 〈. . . 〉Old1 is the correlation function entering (4) ), and we are led to the definition:
W〈O1,i1 . . .O1,in〉New1 =
1
2
ηαβ〈Oi1O1,i2 . . .O1,inOαOβ〉0+ (33)
+〈Oi1Oα〉0ηαβ〈O
∫
βO1,i2 . . .O1,in〉New1 +
∑
X∪Y={2,n}
〈Oi1
∏
r∈X−{s}
O1,irOisOα〉0ηαβ〈O1,β
∏
t∈Y
O1,it〉New1
For simplicity of notation from now on we will drop the label ”New”. The first term
is the direct translation of the first term in (4) with the new normalization, while the
second and third ones correspond to the second term of (4) after using the fact that the
metric is covariantly constant and having again applied the mechanism depicted in figure
(1). Let us evaluate the commutator [Ws, ∇¯i¯]. Proceeding exactly as in the genus zero
case, the U(1) charge anomaly condition selects the only non zero terms to be the ones
produced by the action of the matrix C¯i¯ on the metric η
αβ. Explicitly
1
4
(
C¯ li¯bη
bm + ηlaC¯mi¯a
) 〈Oi1O1,i2 . . .O1,inOlOm〉0+ (34)
+
1
2
(
C¯ai¯xη
x0 + ηalC¯0i¯l
) 〈Oi1O1,i2 . . .O1,inOaO0〉0+
〈Oi1Oa〉0
1
2
(
C¯ai¯xη
x0 + ηamC¯0i¯m
) 〈O∫0O1,i2 . . .O1,in〉1+
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+
∑
X∪Y={2,n}
〈Oi1
∏
r∈X−{s}
O1,irOisOl〉0
1
2
(
C¯ li¯aη
am + ηlbC¯mi¯b
) 〈O1,m∏
t∈Y
O1,it〉1
O0 can be made disappear from the second line after taking its trivial OPE with any
other operator and, being η covariantly constant, the second term of the above expression
contributes only when the number of operators n is 1. In this case it has the value
1
2
(
C¯ai¯xη
x0 + ηalC¯0i¯l
)
ηi1a = Gi1 i¯ (35)
From the other terms instead we obtain
1
2
C¯ lmi¯ 〈Oi1O1,i2 . . .O1,inOlOm〉0 +Gi1 i¯〈O
∫
0O1,i2 . . .O1,in〉1
+
∑
X∪Y={2,n}
C¯ lmi¯ 〈Oi1
∏
r∈X−{s}
O1,irOisOl〉0〈O1,m
∏
t∈Y
O1,it〉1
As before
Gi1 i¯〈O
∫
0O1,i2 . . .O1,in〉1 = −(n− 1)Gi1 i¯〈O1,i2 . . .O1,in〉1
Again we symmetrize W by summing over all the operators to take the role of O1,i1
and, after the recursion relation has been applied, dividing by the possible choices. The
result gives the equivalence of the commutator (24) applied to C1i1...in and the H.A.E. at
genus one with n ≥ 2 marginal operator insertions:
∂¯i¯C
1
i1...in
= [Ws, ∇¯i¯]C1i1...in = (36)
=
1
2
C¯ lmi¯ Ci1...inlm + C¯
lm
i¯
∑
X∪Y={1,n}
C∏
r∈X irlC
1
m
∏
t∈Y it
− (n− 1)
n∑
p=1
Gip i¯C
1
i1...pˆ...in
The case n = 1 requires more care. In this situation (33) reduces to
W〈O1,i〉1 = 1
2
ηαβ〈OiOαOβ〉0 + 〈OiOα〉0ηαβ〈O
∫
β 〉1 (37)
Remembering the additional contribution from (35) the usual commutator gives the
result
∂¯i¯〈O1,i〉1 = [Ws, ∇¯i¯]〈O1,i〉1 =
1
2
C¯ lmi¯ Cilm +Gi¯i
(
1 + 〈O
∫
0 〉1
)
(38)
On a torus without operator insertions the integral of the curvature is zero, thus the
topological twist is trivial and the identification O0 = 1 is correct also globally. Then
the operator insertion O
∫
0 ≡
∫
Σ
O0 simply multiplies 〈1〉1 by the area of the torus, where
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the latter is the empty genus one amplitude. In [1] and [2] 10 the operator formulation is
used to define 〈1〉1 as follows:
〈1〉1 = 1
2
∫
d2τ
τ2
Tr[(−1)FFLFRqHL q¯HR ] (39)
where FL/R are the left and right fermion number currents. The problem is that this
expression is singular for τ2 →∞ and HL = HR = 0, and even worse when multiplied by
the area of the torus τ2; thus it needs regularization and it is uniquely defined only up
the addition of a constant ( that drops out only when there is at least one operator ).
So the question of what is the value of 〈O
∫
0 〉1 is ill posed, nonetheless there are two
natural ways to fix the constant. The first obvious one is to compare (38) to the H.A.E.
for 〈O1,i〉1, and obtain
〈O
∫
0 〉1 = −
1
12
Tr(−1)F
The second method just generalizes the observation done in the previous section that
the operator O
∫
0 behaves as minus the dilaton O1,0. Thus we can consider the dilaton
equation for the present case, [7], to get 〈O
∫
0 〉1 = − 112 ; the missing Tr(−1)F can be
understood from the loop propagation of the topological matter states.
4 Covariant derivatives
It is interesting to check explicitly the vanishing of the commutators 11
[∇i, ∇¯j¯] = 0 (40)
[Ws,∇i] = 0
The second equation is a direct consequence of the U(1) charge condition on the
amplitudes: either from (22) or (33) it is immediate to see that neither the action of Di
nor of −2Ci permits the appearance of non zero terms. Thus the commutator is satisfied
in the trivial way, both Ws(∇i . . . ) and ∇i(Ws . . . ) being zero.
In fact an important difference between the Witten’s formulation of the recursion
relations (3) and (4) and the present realization of W , is what does it happen when you
act on the recursion relations with an holomorphic derivative that corresponds to the
insertion of one more operator, let us say Oin+1 . In [8], [9] it was shown how the action
of an holomorphic derivative would transform the recursion relations (3) and (4) into the
corresponding expression for an amplitude containing also Oin+1 . This in particular would
10there is a factor 12 of difference between the two definitions
11the algebra contains also [∇i,∇j ] = [∇¯i¯, ∇¯j¯ ] = 0 but these are not of direct interest to us
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allow the recursion relations to be valid everywhere in the moduli space of the theory,
provided that they are valid in one point and that infinitesimal shifts in the moduli space
positions are equivalent to deformations of the action by the same operators associated
to the covariant derivative. In our language all this translates to the vanishing of the
commutator [Ws, Din+1 ] = 0. Leaving aside for the moment the U(1) charge condition
that would make both terms of the commutator vanish identically, we can see how the
action of Din+1 on the recursion relation generated by W is different by the recursion
relation for an amplitude with one additional operator insertion . For example at genus
one we have
Din+1W〈O1,i1 . . .O1,in〉1 = (41)
= Din+1(
1
2
ηαβ〈Oi1O1,i2 . . .O1,inOαOβ〉0) +Din+1(〈Oi1Oα〉0ηαβ〈O
∫
βO1,i2 . . .O1,in〉1)+
+Din+1(〈Oi1
∏
r∈X−{s}
O1,irOisOα〉0ηαβ〈O1,β
∏
t∈Y
O1,it〉1) =
=
1
2
ηαβ〈Oi1O1,i2 . . .O1,in+1OαOβ〉0 + 〈Oi1Oα〉0ηαβ〈O
∫
βO1,i2 . . .O1,in+1〉1+
+〈Oi1
∏
r∈X−{s}
O1,irOisOαO1,in+1〉0ηαβ〈O1,β
∏
t∈Y
O1,it〉1+
+〈Oi1
∏
r∈X−{s}
O1,irOisOα〉0ηαβ〈O1,β
∏
t∈Y
O1,itO1,in+1〉1
This fails to reproduce the recursion relation for a genus one amplitude with n + 1
operator insertions, W (Din+1〈O1,i1 . . .O1,in〉1), as it misses the term
〈Oi1Oin+1Oα〉0ηαβ〈O1,i2 . . .O1,inO1,β〉1 (42)
which would come as the special case X = {s} = {n+1} from the last term in equation
(33), and cannot be obtained by the action of Din+1 on any term insideW〈O1,i1 . . .O1,in〉1.
However this is somehow irrelevant as the right hand side of both (22) and (33) is
always zero due to the U(1) charge condition, and Din+1 does not change the charge. A
better question would come from considering not [Ws, Din+1 ] but instead [[Ws, ∇¯i¯], Din+1 ],
that is switching from the action of Ws alone to the commutator [Ws, ∇¯i¯], which applied
to the amplitudes produces a nonzero result, and evaluating its commutator with Din+1 .
Having [Ws, ∇¯i¯] = ∇¯i¯ we are naturally brought to the direct analysis of [∇¯i¯, Din+1 ], or
equivalently of [∇in+1 , ∇¯i¯] ( known the latter we can compute the former ). This can be
generically applied to amplitudes Cgi1...in . Its zero result is a well known direct consequence
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of the tt* equations, but it can be rederived as well from the explicit form of the H.A.E.
after it is rewritten as 12
[Din+1 , ∂¯i¯]C
g
i1...in
= −[Cin+1 , C¯i¯]Cgi1...in
The fact that the H.A.E. for amplitudes with operator insertions is the direct conse-
quence of the H.A.E. for amplitudes without operators and the first commutator in (40),
was already well known since [2]. Here we are proposing an enlarged algebra based on the
definition of the operatorWs whose consequence, without further input, is the H.A.E. for
generic amplitudes with operators 13. Moreover, and this is the central point, this algebra
makes direct contact with the Witten derivation of the topological recursion relations.
5 Higher genus
We want to generalize this construction at higher genus. Because the derivation used by
Witten does not straightforwardly extend for generic genus g ( though recursion relations
for Gromov - Witten invariants have been written at higher genus, [4] and [5] ), we
reverse the procedure used so far. First we define W in order to reproduce the form of
the H.A.E., and then we attempt an algebraic interpretation to make contact with the
Witten’s derivation of the topological recursion relations. Following this philosophy we
divide W in two parts and define WCgi1...in = (W1 +W2)Cgi1...in as
W1〈O1,i1 . . .O1,in〉g =
∑
X∪Y={2...n}
〈Oi1
∏
r∈X−{s}
O1,irOisOα〉0ηαβ〈O1,β
∏
t∈Y
O1,it〉g+ (43)
+〈Oi1Oα〉0ηαβ〈O
∫
βO1,i2 . . .O1,in〉g
W2〈O1,i1 . . .O1,in〉g =
1
2
ηαβ〈O1,i1 . . .O1,inO1,αO1,β〉g−1+ (44)
+
1
2
∑
X∪Y={1...n}
g−1∑
f=1
〈
∏
r∈X
O1,irO1,α〉g−rηαβ〈O1,β
∏
t∈Y
O1,it〉f
The two operatorsW1 andW2 correspond pictorially to the contributions represented
in figure (2); note the novelty of the terms dividing the surface into a genus f and g − f
pair, when a dividing cycle shrinks forming a dividing node.
12this computation in fact requires some care as Cgi1...in is a section of L2−2g−n⊗SymTMn, the indexes
i1 . . . in belonging to the latter while L2−2g−n can be formally represented by the identity operator 0 on
which both Cin+1 and C¯i¯ should be made acting ( even if the second is in fact vanishing again due to
the U(1) anomaly condition ).
13 so far only up to genus one
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W1
W2
Figure 2: The action of W1 and W2 is represented.
From equation (43) we are again led to interpret W1 as the evaluation of the zeros
of a section associated to the cohomology class of O1,i1 , as it transforms to O1,i1 → Oi1
. So the first question is why also W2 appears? And the second is what is the physical
object inside the correlation function associated to the two form we presume has been
integrated over to pass to the right hand side of (44)?
Both answers come from the generalization of the procedure of symmetrization we
have used to pass from W to Ws. The reason we should include also W2 in the game
is that for genus g ≥ 2 amplitudes the spin two supercurrents G−, G¯− appear not only
inside the operator insertions but also in the topological measure
∏3g−3
b=1 (G
−, µb)(G¯−, µ¯b¯),
which is an essential ingredient in the definition (11). Thus the process of symmetrization
enlarges from summing other all the operators to summing other everything that contains
G−, G¯−; when G−, G¯− belong to the operators we are led to W1, when they belong to
the measure we are led to W2. More precisely we identify the topological measure as the
physical object associated to the two dimensional differential form we are supposed to
integrate in order to reproduce the right hand side of (44). In order to predict the form
of W2 we would need to find an appropriate section with zeros supported only at the
boundary of Mg,n, and then integrate. But it is probably too complicated. However an
indirect result can be inferred, as we have done, starting from the H.A.E. and giving the
form of W2 which is compatible with it.
In fact we can check that, passing from left to right in equation (44), the total topo-
logical measure always looses three of the terms (G−, µb)(G¯−, µ¯b¯), two of which come back
as the measure associated to the moduli parametrizing the position of the node and thus
encircling the operators Oα and Oβ, as well known from the construction in [2].
Accepted the result the evaluation of the commutator [Ws, ∇¯i¯] = ∇¯i¯ proceeds analo-
gously as before, symmetrizing W1 ( W2 is already defined as symmetrized over all the
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3g − 3 contributions from (G−, µb)(G¯−, µ¯b¯) ), and it produces the most general form of
the H.A.E., for correlation functions at genus g ≥ 2 and n marginal operators.
6 Conclusions
In this work we have established a connection between the topological recursion rela-
tions and the H.A.E. . In detail we have first defined an operator Ws mimicking the
symmetrization of what would be the action of the topological recursion relations on
BCOV type amplitudes, formally replacing the role of the scalar φ with G−, G¯−. Then
we have written an algebra containing Ws, ∇i and ∇¯i¯ that introduces the antiholomor-
phic information contained into the topological string amplitudes ( expected to satisfy
the recursion relations only in the holomorphic limit ) and generalizes the tt* equations.
Its validity is confirmed by being equivalent to the H.A.E. when applied to topological
string amplitudes with marginal operator insertions. Thus the connection between the
formalism developed by Witten and the H.A.E. of Bershadsky, Cecotti, Ooguri and Vafa.
A first direction for future work is certainly a deeper understanding of the above con-
struction and a natural guess is the possibility of a purely geometrically algebraic deriva-
tion of the H.A.E. . Further it follows the question if it exists some deeper understanding
for the construction of the operator Ws ( counterpart of the possible geometrically al-
gebraic derivation in the holomorphic limit ) and of the algebra (24), (25) and (26) (
that would correspond to the antiholomorphic information ). Indeed all of this can be
of conceptual interest as the H.A.E. is already well known to have deep and interesting
physical interpretations beyond the usual worldsheet construction ( see for example [11]
).
As a more specific subproblem it would also be interesting to understand the process of
symmetrization of the operator Ws that has not a clear meaning from an algebraic point
of view. For amplitudes at genus zero and one it looks only as an overall normalization
in front of the recursion relations, but for higher genus it is the base for the construction
of W1 and W2, as we have seen.
Besides the result per se we would also like to look for some practical applications. A
first idea would be to consider our algebraic construction as an initial step into proving
the integrability for generic topological string amplitudes, extending the result already
achieved for solutions of the tt* equations. This is certainly worth of future work. More-
over it is plausible that the present construction can be an important tool for developing
new techniques for solving the H.A.E. in a perhaps more efficient way.
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